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A series of papers has recently been devoted to the investigation of the 
stability of the solution of the nonlinear heat-conduction equation under 
a number of circumstances. In particular, in [ 1 1 the author investigated 
the stability of the solution of such an equation in the metric of space 
L,. In what follows we shall prove that the solution of a somewhat more 
general problem is stable in the same metric. In this, by the use of the 
methods of [ 2 I, it is possible to show that there exists a 6. such that 
if for the solution u( t, x) of the equation under consideration we have 
I( ~(0, x) 11 < 6. then 11 a( t, x) 11 + 0 as t + 00. 

Let G be a bounded domain of space R”(xl. . .., xm) and let r be its 
boundary. We consider the problem 

represents such an elliptic operator in G, that for some h > 0 we have 

jJU.LUdX< --i, u2dx, s Uir= 0 (2) 
,I c; 

We introduce in the group M = ( u(t, z) 1 of continuous functions, 
possessing continuous derivatives 

the scalar product 
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Let u(t, I) be the solution of the problem 

d” Lu -- 
dt --- ’ 

u lr = 0, u (0, 4 = cp (4 

We denote by T(t) an operator which is defined by the equation 
a( t, x) = T(t) 4 (x). If certain requirements concerning the smoothness 
of coefficients and the boundary of the domain are satisfied, which will 
be assumed, then problem (1) can be written in the form of the integral 
(see, for example [ 3.4 I) 

T (t-s) f (s, I, u (s, x)) ds (3) 

Later, we shall require an estimate of the norm of operator T(t). 

Mu1 tiplying the equation 

aT ct) 9 zz LT (t) q 
dt 

by T(t) scalarly. we shall obtain 

; -& II T (9 cp II2 d - k II T (9 cp II’, II T (0) cp II = II cp II. 

in view of (2). Hence, applying the theorem on the differential inequal- 
ity r.51, 

we have 
II T (t) cp II2 =G Ii 9 II” e-2ht 

II T (t) II < emi* (4) 

(5) 

Theorem. For 11 u (1 < y and t > 0 let 

lIf(t7 2, ~~ll~~ll~ll+Q~~~ll~lll+a a>& <k>L 
s 

e= W-4 t $ (t) d,! <co 

0 

Then, irrespective of the value of the positive number E Q y, with 

[~p~~<b=[e-‘+~~ea(X-h)f’~(f)dt~ 

-l/cc 

I 
0 

(6) 

the solution u(t, x) of Equation (1) satisfies the inequality 

Iluk 41/<&e 
(k--h) t 

(t > 0) (7) 
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which means that the trivial solution of (1) (for 4 = 0) is asymptotic- 
ally stab1 e. 

Proof. We shall first show that for any t ) 0 the inequality 

is satisfied. Let tq be the first point of inequality (8). With 
t E [ 0, t,, I, we have 

II u (L 2) II < tie-” + i em’. (t-4 {k 11 u (s, 3) II+ $ (s) 11 u (s, z) \jlfa) ds (9) 

; 

It follows from (9) by the application of the lemma on the integral 
inequality [ 2 1 that ]I u(t, x) 11 < u(t) for t E [ 0. to 1. Here u(t) de- 
notes the solution of the equation 

t 
v (t) = 8e-” + 5 e--h(f-s) {kv (s) + I$ (s) vlfa (s)} ds 

0 

Introducing a new unknown z(t) = u( t)e At and differentiating both 
sides of this equation, we shall obtain 

dz 
z = kz + tCahtll, (t) ,I+=, 2 (0) = 8 

from Bernoulli’s equation. solving this equation we shall find that 

v (t) = e (k--A)t (b-a_ a i e’l (k--h)y, ts) ds)-lfa 

0 

In accordance with the definition of 6. we have 

Hence 

t 
??-a s ea (k--X)s$ (s) ds > E-= 

0 

II u (t, 2) II <v (t) < ee(k--A)t for t f3 (0, lo] (10) 

and, consequentls I] u(t,,, x) 11 < ~e(~-~)~o < y, which contradicts the 
definition of point to. It follows that inequality (8), and so also (5), 
is satisfied at any t > 0. and. hence, also inequality (10) which is a 
consequence of the former. This proves the theorem. 

Note. Making use of the same method, it is possible to prove the 
theorem for the case when the coefficients of Equation (1). x in inequal- 
ity (2). and k in condition (5) depend on t. For this purpose it is 
sufficient to substitute 
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t 

s Ik @I- h (~11 ds 
0 
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for 

(k - h) t 

in the statement of the theorem. 

BIBLIOGRAPHY 

1. Konstandian, B.A., Ob ustoichivosti resheniia nelineinogo uravneniia 
teploprovodnosti (On the stability of solutions of the nonlinear 
equations of heat conduction). PMM Vol. 24, No. 6, 1960. 

2. Bakhmatull ina, L. F., Ob odnom primenenii uslovii razreshimosti 
zadachi Chaplygina k voprosam ogranichennosti i ustoichivosti 
reshenii differentsialnykh uravnenii (On the application of the 
conditions under which Chaplygin’s problem possesses a solution to 
problems of boundedness and stability of the solutions of differ- 
ential equations). Izv. vuzov, Materatika NO. 2(9), 1959. 

3. Krasnoselskii, M. A., Krein, S.G. and Sobolevskii, P.E., 0 differen- 
tsialnykh uravneniiakh.s neogranichennymi operatorami v banakhovykh 
prostranstvakh (On differential equations with unrestricted oper- 
ators in Banach spaces). Dokl. Akad. Nauk SSSR Vol. 111, No. 1, 
1956. 

4. Sobolevskii, P. E., Obobshchennye resheniia differentsialnykh uravnenii 
pervogo poriadka v gilbertovom prostranstve (Generalized solutions 
of differential equations of first order in Hilbert space). Dokl. 

Akad. Nauk SSSR Vol. 122, No. 6, 1958. 

5. Chaplygin, S. A., Novyi metod priblizhennogo integrirovaniia differen- 

tsialnykh uravnenii (A Ner Method for the Approximate Integration 

of Differential Equations). Gostekhizdat. 1950. 

Translated by J.K. 


